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Abstract

As a qubit is a two-level quantum system whose state spageimed by0), |1), so a qudit is a-level
guantum system whose state space is spanne@) by -, |d — 1). Quantum computation has stimulated much
recent interest in algorithms factoring unitary evolusasf ann-qubit state space into component two-particle
unitary evolutions. In the absence of symmetry, Shendekdeaand Bullock use Sard's theorem to prove that at
leastC4" two-qubit unitary evolutions are required, while Vartiam Mottonen, and Saloma¥NS) use theQR
matrix factorization and Gray codes in an optimal order trmiesion involving two-particle evolutions. In this
work, we note that Sard’s theorem dema@ag" two-qudit unitary evolutions to construct a generic (syrtmye
less)n-qudit evolution. However, the€Vs result applied to virtual-qubits only recovers optimalearih the case
thatd is a power of two. We further construct@R decomposition fod-multi-level quantum logics, proving
a sharp asymptotic dd(d?") two-qudit gates and thus closing the complexity questiarafbod-level systems
(d finite.) Gray codes are not required, and the opti@@a?") asymptotic also applies to gate libraries where
two-qubit interactions are restricted by a choice of cartathitectures.

PACS: 03.67.Lx, 03.65.Fd AMS(MOS) subj: 81P68, 65F25
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1 Introduction

The dominant theoretical model of quantum computation ésghantum circuit [1] acting on quantum bits, or
qubits [2]. A qubit is a two-level quantum system, whose ctamplilbert state space is spanned by Késand
|1). The labels within the ket are evocative of classical coraplaigic. Yet using qubits, these logical values may
be placed in superposition, and moreover multiple qubitg beaentangled. Ajudit[3, 4] is a generalization to
guantum computing of a classical multi-level logic [5]. We di > 2 throughout and consider the one-qudit state
space

#(1,d) = ClO)eC|)®---aCld-1). 1)

The decomposition is taken to be Hermitian orthonormal, thec-qudit state space then becomesgn,d) =
@14 (1,d) = Beycy..c,C|C1C2. . . Cn) With €1C2... €, Varying over all length integers in basd.

For qudits and in particular qubits (i.el = 2,) computations are unitary evolutions of the state sp&fe.
course, not all evolutions are computations. Rather, fanahution to be unitary, the corresponding computation
must be physically realizable with closed-system resauret as most functions on bit-strings require exponen-
tially many AND- OR- NOT gates, so too most unitary evolutions may only be realizeél exponentially many
guantum gates. The term computation is usually reservedvimiutions requiring few gates. In fact, a precise
definition requires a family of evolutions indexed bynd an analysis of asymptotic complexities.

We say a functiom(n) € Q[f(n)] if there is a constar@ so thath(n) is at leasC f(n) for n > 1, and similarly
h(n) € O[f(n)] if there is a secon@ so thath(n) is at mosiC f(n). We say thah(n) € ©[f(n)] when both hold.
Several choices of gate libraries are used in quantum tidéagrams, but most admit asymptotically equivalent
gate counts. We concentrate on two-qudit gates [6]. Thes;omplexity of a unitary evolutiod is that number
¢ for which we have a minimum expression

U =Uj Uk, Uik, (2)
with eacHJjﬁ’( a two-qudit (12 x d?) operator acting exclusively on quditk. An efficient computation should pro-
duce a family{Un}»_; of unitary operators whose gate coufis= h(n) satisfyh(n) € O(nP), somep > 0. As an
example of this formalism, pub = €2/2" and consider the-qubit Fourier transforn, = \/% zf‘nk;lo Wk k) (j|.



Known circuits for#, requireO(n?) gates [7], so that the Fourier transform is an efficient quantomputation.
The extension to qudits is likewise an efficient quantum cotafon [8].

It is typical to draw the factorization @ in Equation 1 as a quantum circuit, representing each quithitav
line and drawing a gate connecting qudit& for eacHJj‘f(. Physical implementation of symmetry-less evolutions
is not practical when the number of quditss large, since the number of gates required scales expatgnt
in n. Yet circuits for generic unitaries are still of interestirst, they may improve subblocks of larger circuits
through a process of peephole optimization: when many corise two-qudit gates act on a small collection of
qudits, we compute the associated unitary evolution andtgute a circuit of the sort presented here in hopes
of decreasing the total number of required operations. Bkdbey are useful in translating circuits from gate
libraries that include three and multi-qudit gates to twahf gates when a physical system only conveniently
allows for pairwise interactions. They may also be usedandiate an arbitrary gate library into a fault-tolerant
library of qudit gates [9]. Finally, we note that the symnetithat allow for polynomial-size quantum circuits are
not well-understood. Thus, producing efficient symmeé&ssl circuits may provide insights into general design
principles that might also be useful in constructing or miting computations.

For qubits, Shende, Markov and Bullock have shown €bh@t") two-qubit gates are required, while a recent
Letter [10] provided aO(4") construction. Thus we have a sharp asymptotic for symniegsn-qubit unitary
evolution: ©(4") two-qubit gates are required. The result daesreadily extend to qudits, even though qudit
systems may be employed to emulate qubit systems and cefweFse lower bound generalizes@a®" gates,
but nave emulations of the VMS circuit require asymptotically raayates than this. Indeed, the best prior
constructive upper bound &(n?d?") two-qudit gates [11].

The main result of our work is a constructive proof tE{ti>") two-qudit gates are required to implement an
arbitraryn-qudit evolution without symmetry. En route, we also provat©(d") two-qudit gates suffice fam-
gudit state-synthesis. The algorithm that produces thatgoacircuit is a variant of th©@ Rmatrix-decomposition,
cf. [14, 15, 10]. Unlike an earlier qubit construction [1@]does not rely on a Gray code, either in base-two or
based.

The paper is organized as follows. First§®, we review the justification of the lower bound @fd®") and
then in§3 we discuss the inadequacy of qubit emulation of qudits. rEneainder of the manuscript describes
an algorithm for constructing a circuit involving two-quidjates, carefully showing that the number of gates is
O(d?"). In §4, we review the idea of uniform control and extend it to theltidavel case. In particular, we
show that &-controlled one-qudit unitary may be implementedd(k) two-qudit gates, given sufficient ancilla
(helper) qudits. Ig5, we describe our state-synthesis algorithm and adaptitvictual Householder reflection
|W) — /{WW) |j) using singly controlled one-qudit operators §B) we present our qudit-native quantum circuit
synthesis algorithm, and establish§inthat it produces a universal circuit with at maxid®") uniform controls.

2 The Lower Bound

The lower bound argument is similar to other lower bound arguts [12, 13] in quantum computing using Sard’s
theorem from smooth topology. The theorem (loosely) deradiat almost no values of a smooth function are
critical values. A well-known corollary (e.g. [13]) thenmands that for a smooth mdp M — N that carries an
m-dimensional manifold/ into ann-dimensional manifoldN for m < n, the set imaggf ) must be a measure zero
subset oN.

We first set some notation. By default, upper case letterigatel either matrices or unitary operators. We
usel, to denote arf x ¢ identity matrix, andA" = A is the adjoint ofA. Recall also the Lie theory notation
U(q)={UecC™a;uu’= lq}. Suppose then that we consider an expression associatéged aircuit topology
for two-qudit gates. Namely, suppose we factar & U (d?") as in Equation 1. Suppose moreover that we take
and the tuplegjq, kq) for 1 < g < ¢ to be fixed. Then by varying thdjcgkq in U (d?), we obtain a map of smooth

manifoldsf : [U(d?)]* — U(d"). Now generically, dirf (q)] = g?. Hence the smooth function implicit in the
circuit diagram of Equation 1 carries a manifold of dimensid* into a manifold of dimensiod?". In order for
the image to not be measure 0 for a fixed circuit diagram, waireq > d°"~4. As there are only finitely many
circuit topologies holding fewer thad®"~* factors per Equation 1, we generically requ2éd®"—4) = Q(d?")
gates of the two-qudit library to realize symmetry-lessanyi evolutions withirlJ (d").



A similar invocation of Sard’s theorem produces a lower lban circuit sizes for state synthesis. Here, the
problem is to produce the most efficient possible cirdudapable of realizing generig) € # (n,d) from a fixed
start-state typically chosen to i@, i.e. building a small circuit fol so that|y) = U |0). We claim that circuits
for generic state-synthesis requié¢d”) gates. Indeed) |0) is simply the first column of the matrix realization
of U, and taking the column of a matrix is a smooth map. Hence wé&dpp Sard’s theorem argument above
to f : U(d?)! — #/(d,n), whence the result. Now a subcircuit of our universal ugigudit-evolution circuit,
described in Equation 6, is also capable of solving the statéhesis problem igd" — 1) /(d — 1) € O(d") two-
qudit gates. Hence the qudit state-synthesis genericailyireso(d") gates.

Theorem: The following asymptotics hold for d multi-level quantumgidccircuits. In each statement, d is fixed
and the asymptotic is stated exclusively in terms of n.

1. Given a generi¢y), constructing a quantum circuit for a unitary U such thatQy = |g) requires®(d")
two-qudit gates.

2. Constructing a quantum circuit for a generic n-qudit @mjt operator Ue U (d?") consisting of two-qudit
gates require®(d?") two-qudit gates.

As a remark, other gate libraries that are asymptoticallywedent to two-qudit gates might be better suited to
certain problems. In reasonable cases, there should bedasfiper bound on the number of library-gates required
to realize a two-qudit unitary operator. For any such lipeasharp asymptotic @(d?") gates is likewise required
for generic unitary evolution. This holds in particular fdocal unitary} LI{ A\;(0* & 14_2) } [16].

3 Qubit Emulation is Insufficient

Consider two emulation schemes of qudits by qubits:

1. One might emulate each individual qudit with as few quaggossible, so that the local qudit structure is
respected.

2. One might rather pack the entid€ dimensionah-qudit state into the smallest possible qubit state space,
ignoring the local (tensor) structure.

We argue that the emulation circuit for Option 1 does notiratfae lower bound asymptotic, while in essense
Option 2 does not allow for circuit-level emulation at all.

In Option 1, label = [log,d], so thatB qubits are required to emulate a qudit. Now for the qubituitrc
diagram, some multi-qubit gates will in fact be local to thelt, while others are genuine two-qudit gates. Hence,
if U is ad" x d" unitary matrix and th€(2%") circuit is applied after splitting each qudit infovirtual qubits,
we obtain arupperbound ofO(2%") two-qudit gates. Note that this asymptotic is worse that kd?") and
evenO(nkd?") unlessd is a power of two. (For 2 > d? in this case, so the exponentials have distinct bases and
are not asymptotically equivalent.) Thus, prior art doessndfice for the upper bound asymptotic.

We next consider Option 2. Note thatqudits may be viewed ad" Hilbert space dimensions. Ignoring
the local structure, a unitary evolution @f (n,d) may be realized as a subblock of a unitary evolutiom®#=
[nlog,d] qubits rather thanB = n[log,d] as above. Indeed, with this form of emulation, it is true B&4™) =
O(d?") virtual two-qubit gates would suffice by earlier methods.wdwger, in this mode of emulation a virtual
two-qubit gateneed notcorrespond to a two-qudit gate. Indeed, it might not even kejadit gate fork small.
Consider for example two-qutrit gate of the fots® V acting on# (3,3), whereV € U(32?). This has a % 9 block
structure, but emulating such a unitary using qubits is noeodess an arbitrarily difficult 5-qubit evolution. It is
certainly not a two-qubit gate! Thus, although the mappieigdeen Hilbert spaces is possible, tensor (Kronecker)
product structures are not preserved.

There are several candidate systems for quantum computatiere the physical subsystems encoding the
guantum information have dimensidn> 2. Examples include charge-position states in quantum[d@jsrota-
tional and vibrational states of a molecule [18], truncatelspaces of harmonic oscillator states [19] and ground



electronic states of alkali atoms with total sgtn> 1/2 [20]. Moreover, it is useful to allovd not a power of
two. First, in many instances, the physics of the system caclydde encoding in a Hilbert space of arbitrary size.
For example, in the case of encoding in alkali atoms the Iikggace dimension of a single hyperfine manifold is
2F + 1 so for bosonic atomsl,is never a power of twa: Second, there is evidence that the fault-tolerant threshol
for quantum computation can be improved when using erraection codes on qudits witth prime [21].

4  Uniformly-Controlled One-Qudit Operators

Although the complexity bound is phrased in terms of two4itjagerators, ouQR factorization algorithm ir§6
produces a quantum circuit &fcontrolled one-qudit operators. The majority are doullgingly controlled. We
next review how &-controlled qudit operator may be realizedd(k) two-qudit gates, given=[(n—2)/(d —2)]
ancilla qudits.

Qudit Generalizations of CNOT

The most common two-qubit gate is the quantum controlleglehe to its appearance in early papers on quantum
computing and reversible classical computation. In aase2, this gate, denote@NOT or A;(c%), linearly
extends the action of the classi€NOT on bit-strings within two-qubit kets. Thi@OT applies aNOT (o*) iff the
control bit carries one. So in two-qubits with control on thest significantCNOT linearly extend$00) — |00),
|01) — |01), |10) — |11), and|11) — |10). An extension to arbitrargl has been suggested [16].

We may viewo* as addition mod 2, which generalizes as followsc & Z/dZ is a dit, then we usédc) to
(abusively) denote both the addition map- k@ c within Z/dZ and also the one-qudit unitary operator given by
the permutation matrix of this map. So for example in qu{dts- 3,)

00 1
pl=InCc=|10 0 (3)
010

A corresponding (unitary) permutation mBpIC is given byINC|j) = |(j + 1)modd) for any basel.
Then theCl NC (controlled-increment) gate applie®C iff the control qudit carriesl — 1, i.e. in the case of
most-significant qudit control

cIne|j.k) = { |j’(k+1)m(|)jc{dki j;g:i (4)

We take thed symbol in a circuit diagram to designate modular incremeME as in thed = 2 case, so that the
usual symbol folCNOT in ad-level diagram now designat& NC.

Using the most recent argument [16], a second generalizaficNOT must be added to the qudit local
unitary groupU (d)®" in order to recover exact universal qudit computation. Fdis,twe labelo* @14, as
that computation with0) < |1) and all other|j) — |j), 2< j <d—1. Then the appropriate second gate is
A1(0* P lg-2), i.e. A([d—1T],0* @ lg_2) or A([Td—1],0*® 14-2) in the expanded notation of the next section.
Note that aCl NC gate may be constructing usindNC gates andd — 1 copies ofA\;(0* & 14_2) [16]. Since
a QR argument ibid. also produces any two-qudit operator witmastO(d?) = O(1) gates from the library
{local unitary} LU {A\1(c*®14-2)}, the optimal asymptotics of the Theorem apply equally wethis library.

Uniformly-controlled one-qudit operations [23]

We next extend the idea of uniformly-controlled [2B8]Joperations from qubits to qudits. Heké,is a one-qudit
operator applied to a target qudit based on a string-efl controls. Each control is either to denote a match
with an arbitrary value (no control,) or is chosen to be oné,df...,d — 1, to force a specific matching value
(control.) Note that standard control and local operatimay be used to emulate uniform control at low cost.

1The dimension of the total ground state Hilbert space irinoth manifolds corresponding to the two spin states@f/tience electron
may be a power of two e.§’Rb and!33Cs.
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Figure 1: Quitrit (I = 3) emulation ofA ([d1d2dsT],V) using at most two-qudit operations. The general argument
shows that/\(C,V) requires at mosD(#C) two-qudit gates. The rightmost circuit diagram is well-lum[11,
Figure 1]. Also, the controlled-V may be decomposed int@l@peratorsCl NCs, andA1(0* & 14_2) if the finer
gate library is of interest [16].

In circuit diagrams, we will denote a uniform control triggey on an arbitraryj) with a box, in contrast to the
standard control denoted by a bullet that only triggers atestl — 1). One formal definition of uniform control
is the following:

Definition 4.1 [Uniformly-controlled one-qudit operatgk(C,V)] Let V be ad x d unitary matrix, i.e. a one-
qudit operator. Le€ = [C;C;. ..Cy] be alengtha control wordcomposed of letters from the alphalpétl,...,d —

1} U {*x} U{T}, with exactly one letter in the word being By #C we mean the number of letters in the word
with numeric values (i.e., the number of controls,) and thieas control qudits is the corresponding subset of
{1,2,...,n} denoting the positions of numeric values in the word. We say that a control worthatchesann-

dit string if each numeric value matches. Then the uniforodntrolled one-qudit operatgy(C,V) is then-qudit
operator that applieg to the qudit specified by the position dfiff the control word matches the data state-dit
string. More precisely, in the case wh€p= T, then

IC1...cho1) @V Cn), Cj=CjorCj=x%,1<k<n-1
[C1...Ch_1Cn), else

/\([C1C2...Cn,lT],V)|0102...Cn> = { (5)

Alternatively, if C; =T (j < n,) we consider the unitary (permutation) oper@(ﬁ)rthat swaps quditg andn.

Thus, X7 |d1d>. .. dn) = |didz...dj_10ndj 1...dn1d;j). We remark tha = (x?)T = (x’j‘)*l. We apply the
same permutation © = [CiCo...Cj_1TCj11...Cyl, obtainingf: =[C1Cs...Cj_1CCj11...Ch_1T] and we define

We note an earlier simulation [11] ¢f(C,V) in terms of two-qudit operations. In additiontaata qubits, we
also require = [(n—2)/(d —2)] [11] ancilla qudits initially set td0), as illustrated in Figure 1 forGi= 3 and
qutrits @ = 3.) The idea is to use local operations to interchange umifgith standard control. Then a sequence
of CI NC's appropriately targeting theancillas change the state of the last ancillade- 1) if and only if each
control line carriegd — 1). The entire operation follows by applying a singly-contedV using this last ancilla
and then mirroring th€l NC pattern in order to disentangle the ancilla qudits from thdjudits.

5 Asymptotically Optimal Qudit State-Synthesis

The key component of our universal qudit circuit is a suhdgtrmteresting in its own right: given a state vector
W) € # (n,d) = C9", we construct a sequence piuniformly-controlled one-qubit operators depending|¢in
such that

p
[TACP—k+2.V(p—k+ )] 19) = 10). (6)
=1

We remark that we usé(p—k+ 1) instead oiV,_i1, since the latter sort of subscript is often used to denote a
target qudit while we intend the target to be labelled byTrgymbol within the wordC(p— k+ 1).



[ n ] &-sequence] =3 |
1] &

2 | O, 1, 2, o

3 | 00&%, Olds, 02, Ok, 10, 11k, 12, 1dodh, 208, 21k, 22, 2, b

4 | 000&%, 001k, 002, O0eehs, 010%, 011, 012%, Oldee, 020%, 021, 0228%, 028, Odochoce

100%, 101, 102%, 108, 110%, 111, 1128, 11, 1208, 121k, 122%, 12&d, lddd

200%, 201, 2028, 208k, 210%, 21 1%, 212%, 21k, 220%, 221k, 2228, 228k, 2hdd, hhdhd

Figure 2: Samplé-sequences fat = 3, i.e. quitrits.

Before continuing to construct this component of our urseécircuit, we note that this subcircuit achieves
optimal asymptotical qudit state-synthesis. The statgk®sis problem is to construct efficient (small) quantum
circuits whose associated unitddyhasU |0) = |y) for some arbitrary but pre-determinggl) € # (n,d). For
d = 2, several works address this topic, e.g. [24, 25, 26, 27 oBosubcircuit in Equation 6, note that

p
lUl/\[C(k),V(k)T] 0) = W) (7)

Our construction realizes any) in p= (d"—1)/(d — 1) € O(d") two-qudit gates, since alsa#k) < 1 for all
k. Given theQ(d") lower bound of the introduction, we conclude that quditestnthesis generically requires
O(d") gates.

Finally, we briefly note our decision to index the sequencA @,V) so that the earlier indices appear on the
right. There are two reasons for this. First, it means thexrdescribes the operators in the order in which they
are applied td), rather than the reverse. Second, the state-synthesisdeged more attention than generalized
Householder reductions in the literature, and note thaititiees of Equation 7 do increase to the right.

One-qudit Householder Reflections

Earlier universall = 2 circuits [14] relied on @R factorization to write any unitary as a product oGivens
rotations realized in the circuit ak-controlled unitaries [15]. Such Givens rotatidhgoincide with the identity
matrix except in the pairwise intersection of royyk, with columnsj, k. Here, the entrie¥|;, Vi, Vkj, Vkk entries
mimic those of a Z 2 unitary matrix. Thus, a Givens rotation is geometricallsotation in thejk-plane. In
the multi-level case, we uddouseholder reflectiong®2, §5.1] instead of Givens rotations, in order to take full
advantage of the range of single qudit operators.

Thus, supposap) € # (1,d), perhaps not normalized, and suppose we wish to construtit@y operator
W such thaW |g) is a multiple of|0). Standard formulas exist for constructing sighor real vectors. For a
complex vector, these formulas become

{ In)
W

Then indeedV |) is a multiple of|0).

|
€

|
€
£

(8)
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n-qudit State-Synthesis

We next describe the algorithm for realizififf_; A[C(p—k+1),V(p—k+1)] [@) = |0) with #C(k) < 1 and
p=(d"—1)/(d—1). The circuit topology has a recursive structure that werabsinto the following algorithm
that generates th&-sequence (“club-sequence”.)



Algorithm 1: {sy,..., Sy} = Make-&-sequencéd, n)

% We return a sequence of-p(d" —1)/(d — 1) terms, with n letters each,

% drawn from the alphabeft0, 1,...,d — 1, &}.

Let {§}]_; = Make-&-sequence(d,n—1.)

for g=0,1,...,d—1do
The next(d"~1 —1)/(d — 1) terms of the sequence are formed by prefixing the lettereach
term of the sequenc; }.

end for

The final term of the sequenceds’.

Samplek-sequences that illustrate the construction are givenduar€i2. Note that the number of elements
in the sequence equals the number of uncontrolled or sicghgrolled one-qudit operators in the state-synthesis
circuit. We choose to describe the circuit by iterating aer sequence. Thus, in order to produce the circuit, it
suffices to describe how to extract the control wGrérom a termt of the &-sequence and how to determivie
from the term andy; ), where|y;) = MZIA[C(p—k+1),V(p—k+1)] @) is the partial product. This may be
done as follows.

Algorithm 2:  A(C,V) = Single-<sHouseholder(d termt = tyto...t,, n-qudit statﬁtb,-))

Initialize C = %% - - -
% Set the target:
Let /¢ be the index of the leftmosk and seCC, =T.
% Set a single control if needed:
if t contains numeric values greater than 0,
Let g be the index of the rightmost such value andGet tq.
end if
Given |y;) = y9" 1 (k| w;) [K), form a one-qudit statgh) = F3-2 (tstp...t,—1k00...0[ ;) [K).
FormV as one-qudit Householder such tNdth) = |0).

Figure 3 illustrates the gate produced from the outpanhdV from the algorithnSingle-sHouseholder Fig-
ure 4 illustrates the order in which the&€C,V) reflections are generated if we iterate overdisequence. Each
node of the tree is labeled by#term and represents a Householder reflection defined bjtbe indicated ele-
ments of|jy). After the reflection, the first element in the node remairtsthe others are zeroed. The reflections
are applied by traversing the graph in depth-first ordetrféefight. To understand the controls, notice that the left-
most Householder on each layer of the graph requires noatofor example, the Householdeb® defined by
elements (0 (j =0,1,2) is applied to 9 sets of elementg:10and 2, all zeroed, andjD,1j1,1j2,2j0,2j1,2j2,
as yet not zeroed. For the other Householder nodes, theot@indicated in boldface. For the leftmost House-
holder in a group ofl siblings, we do not wish to touch elements in groups to theoleit. So we set the control
to stay within the group. For example, the Householder Edbé&l is also applied to elements in &land 13%.
For other Householders in a group, the corresponding elemigroups to the left are completely zero, and in
groups to the right are as yet unzeroed. Thus, for exampetiuseholder labeled &lis applied to O (all
zero since && has already been applied) and®&1We can formalize this argument to a proof of correctness as
given in Appendix A.

Householder Circuits Retaining|j) # |0)
In the QR unitary-circuit application, we will need not only) — +/(W| W) |0) but also|y) — +/(W|W)|j) for

any j = didy...d,. Rather than provide a new algorithm, we instead adapt @arigthm for a collapse onto
|0) into an algorithm for collapse ontg). The idea is to permute the elements to puh position 0, apply
Single-sHouseholder, and then permute back. The rest of this subsection desdtiizin detail.

We abusively continue to usep for 1 < p < d—1 to denote the one-qudit unitary operator that carries
|k) — |[(p+k)modd), i.e. ®p= INCP. Given thed-ary expansion of, we have®y_,[®dy|00...0) = |j).
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Figure 3: Producing A (C,V) givenV and a term of thek-sequence, heite= 2100k for seven qudits. The
algorithm for producingC places the/-target symbolT on the leftmost club, here line 5. The active uniform
control must then be placed on the least significant lineygagra nonzero prior to line 5, here the 1 on line 2.
(A control on lines 3 or 4 would not prevent the nonzeigpof ]LlJ,-) = zﬂiglondk) from creating new nonzero
entries in previously zeroed positions.) Thus in this c&se,+«1x «T x x. TheV is chosen to zero all but orvg

for k=2100¢00.

Consider/\(C,V), and define€ by

£, Ci=
T, G =
(Ck+d¢)modd, Cce{0,1,...,d—

C= T 9)

1}
Suppose also th&; = T. Then noting that®j)" = @(d — j), we have the similarity relation
(@@ (A ACV) [ @ (d—do)] = AIC, (ed)V(ed—dy)] (10)

This is the basis for the algorithm.

Algorithm 3:  A(C,V) = &Householder(J), j,d,n)

% Reducgy) onto| j).

Let j =didz...dp.

Computeldp) = [R5, & d—dg] ().

Produce a sequence of uniformly-controlled one-qudit ajpes so that
M- AIC(P—k-+1),V(p—k+1)][9) = |00...0),
usingSingle-sHouseholderapplied to each term dflake-&-sequencéd, n).

Computel®g_; (©dg)] A[C(P—k+1),V(p—k+ 1)][®F_4(® d —dg)] =

AlC(p—k+1),V(p—k+1)] using Equation 10

6 A Qudit-native QR-based Quantum Circuit Synthesis Algorithm

The asymptotically optimal qudit-universal circuit we peat does not require Gray codes (Cf. [10].) Rather, it
leans heavily on the optimal state-synthesi$®fSince this state-synthesis circuit can likewise clegil@mgthd"
vector using fewer thad" single controls, the asymptotic is perhaps unsurprisirmyvéver, the recursive nature
of our synthesis algorithm requires highly-controlled @palit unitary operators when clearing entries near the
diagonal, and other highly-controlled one-qudit unitaidee needed to finish clearing each column. In presenting
the algorithm, we highlight two themes:

e We process the siz# x d" unitaryV in subblocks of sizel"* x d"1.



e e e
000
100
2?0
0 doh 1 & 2 &
000 100 200
010 110 210
020 ITO 220
00% 01 02 106 11& 12 2084 21&% 22&
000]|(010(]020 100110120 20011210220
001](011]|021 101 |111(]121 20111211221
002]]1012][022 102 |112] 122 2021212222

Figure 4: Using thék-sequence fod = 3, n = 3 to generate Householder refections to redygeo a multiple of
|0). Each node is labeled byd-term and represents a Householder reflectig@,V). The control is indicated
by the boldface entry in the label. THgC,V) is constructed to zero the components of the last two indites
each node, using the component of the top entry.

¢ Due to rank considerations, at least one block in each bbodimn of sized" x d"~1 must remain full rank
throughout.

Hence, we cannot carelessly zero subcolumns. One soltitintiiangularize thel"™ 1 x d"~1 matrices on the
block diagonal, recursively. We also note that o@gn?d") fully (n— 1) controlled one-qudit operations appear
in the algorithm, which is allowed when working towards ayraptotic ofO(d?") controls total.

The organization for the algorithm is then as follows. Pssirg (triangularization) of moves along block-
columns of sized" x d"1 from left to right. In each block-column, we first triangula the blockd™ 1 x d"—1
block-diagonal element, perhaps adding a control on the sigsificant qudit to a circuit produced by recursive
triangularization. After this recursion, we zero the blsdielow the block-diagonal element one column at a
time. For each columij, 0 < j < d"1—1, the zeroing process is to collapse te?! x 1 subcolumns onto
their jth entries, again adding a control on the most significant godirevent destroying earlier work. These
subcolumn collapses produce the bulk of the zeroes and aeukingdHouseholder. After this, fewer thard
entries remain to be zeroed in the column below the diagdredse are eliminated using a uniformly-controlled
reflection containingi — 1 controls and targeting the top line. With the appropriate-qudit Householder, the
diagonal entry will zero lower nonzero terms while the olgeroes in the column are protected by the controls on
the lowern— 1 lines.

We now give a formal statement of the algorithm. We emphasieeaddition of controls when previously
generated circuits are incorporated into the universaldi(i.e. recursively telescoping control.)

10



Algorithm 4: Triangle (U, d, n)
if n=1then
TriangularizeJ using aQRreduction.
else
Reduce top-lefti" x d"~* subblock usingTriangle (x,d,n — 1), (writing output to bottorm — 1 circuit lines)
fork=0,1,...,d—1do % Block-column iteration
for columnsj = kd"1,... [(k+1)d""1—1]do
for £=(k+1),...,(d— 1) do % Block-row iterate
Use&Householderto zero the column entrig& + ¢)d" 1, ... [(k+ ¢+ 1)d"1— 1],
leaving a nonzero entry &+ ¢)cy...c, for j =cic2...chpand
addinglk+ ¢)-uniform control on the most significant qudit.
end for
Clear the remaining nonzero entries below diagonal usiry\dm ¢, . .. ¢, V].
end for % All subdiagonal entries zero in block-col
UseTriangle (x,d,n— 1) on thed™ 1 x d"~1 matrix at the(k+ 1)Stblock diagonal
addinglk+ 1)-uniform control to the most significant qudit.
end for
end if-else

To generate a circuit for a unitary operatdr we useTriangle to reduceU to a diagonal operatdV =
z?igleiei [7) (i]- NowV andU =WV would be indistinguishable if a von Neumann measurenjigntj| ?iBl
were made after each computation. However, the diagonaipsitant ifU is a computation corresponding to
a subblock of the circuit of a larger computation with othailing, entangling interactions. In this case, Figure
1 makes clear how to build a circuit for a controlled relateaselgn + (€° — 1) |j) (j| in O(n) gates. Since
W has onlyO(d") such phases, the corresponding circuit\WércostsO(nd") two-qudit gates and as such is
asymptotically irrelevant t®(d?").

7 Counting Gates and Controls

Let h(n,k) be the number ok-controls required in th&ingle-<bHouseholderreduction of soméy) € #,. Then
clearlyh(n,k) = 0 for k > 2. Moreover, each 0-control results from an element of&hgequence of the form
00...0%&...&, and there ara such sequences. Thus, since the number of elements &-geguence i¢d" —

1)/(d—1), we see that
h(njl) = (d"-1)/(d—1)—n
{ hgmog = ( . : n (11)

We next count controls in the matrix algoritifniangle of §6. We break the count into two piecasfor the
work outside the main diagonal blocks ahdor the work within.

Letg(n,k) be the number of controls applied in operations in each colilnat zero the matrix below the block
diagonal; this is the total work in tHer j loops ofTriangle. We useSingle-Householderd(d — 1)d"~1/2 times
since there ard(d — 1)/2 blocks of sized"* x d"~ below the block diagonal, and we add a single control to
those counted ifh. The last statement in the loop is executéd— d"* times. Therefore, Iettin@‘j( be the
Kronecker delta, the counts are

1

g(nk) = & Hd"—d"H+ Sd(d— 1)d" *h(n—1,k—1) (12)
Supposing > 3, then we see that
d"—dn1, k=n-1
0, n-1<k<3
gink) = { Ld@dt-1) —%d“(d—l)(n—lL k=2 (13)
1d"(d—1)(n—1), k=1
0 k=0

11



dH 2‘ 3 4 5‘ 6‘ 7‘ 8‘ 9‘ 1OH

n

2 5 17 39 74 125 195 287 404 549
3 40 285 1140 3370 8820 17535 33 880 60 660 102 240
4 220 3240 22176 100 000 345 060 987 840 2464 000 5528736 | 11407500
5 1040 32130 379776 2631500 | 12931920 49999110| 161960960| 457946 136

6 4560 301 239 6220032 66 768 750 | 470 221 200

7 19 200 2757 807 100279 728| 1676 043 750

8 79 040 24994494 | 1608794 112

9 321280 225584 676

10 1296640 | 2032525 629

11 5212160 | 1120813409

12 20 904 960

Figure 5: Total number of uniform control boxes in the newvensal circuit as a function of the levdland
number of qudits

Finally, let f (n,k) be the total number dé-controlled operations in th&iangle reduction, including the block

diagonals. This work includes that countedjjiplus a recursive call tdriangle before theor k loop, plus(d — 1)
calls within thek loop, for a total of

f(nk) = g(n,k) + f(n—1,k +(d—1)f(n—1,k—1), (14)

with f(n,0) =1 andf(1,k) =0 forn,k > 0.

Using the recursive relation of Equation 14 and the counEopfation 13, we next argue thitiangle has no
more tharO(d?") controls. Two lemmas are helpful.

Lemma 7.1 For sufficiently large n, we have(fi, k) < d2"—k+4,

Proof: By inspection of Equation 13, we see tlggh, k) < (1/2)d>"k+2 for all k andn large. Nowf (n,0) = 1,
which we take as an inductive hypothesis while supposifrg— 1,¢) < d?"~2-/+4 = d"~+2_ Thus, using the
recursion relation of Equation 14,

f(nk) < %dznfk+2+d2nfk+2+(d_l)dZn—k+3

. 15
gt (L 1y 1) (15)
Now sinced > 3/2, we must hav{-‘al > %2, whence an inductive proof of the result. |

Lemma 7.2 SL-2kf(n,k) € O(d?).

The proof of Lemma 7.2 follows from checkirgfl_5kd®k € O(d?"). The latter fact follows from either
explicitly computing the sum by deriving the appropriategetric series or alternately using integral comparison.
Thus, the total number of control boxes in the circuit diggmrows asO(d?"). The theorem of the introduction
asserting a siz®(d?") universal circuit composed of two-qudit gates follows,egithe commentary df4 on
decomposing &-controlled one-qudit operator into two-qudit gates.

Figure 5 shows actual counts of uniform control boxes forcEmeinstances ofl, n. These are illuminating
given that Lemma 7.1 overestimates the numbek-obntrols for mosk. These counts are obtained using a
C++ implementation of the recursion presented in this sectiwh lzave been verified by an explidvat Lab
implementation of the entire circuit synthesis algorittongmalld, n.

8 Conclusions

We conclude with some remarks. Locality in quantum meclsisi@ function of the tensor (Kronecker) prod-
uct structure of the state space in question. In quantum atintp the Hilbert space factors are often finite
dimensional. Measuring difficulty by counting two-paréichteractions, we have generalized a recent optimal
asymptotic of©(22") for two-level quantum bits to a new optimal asymptdgi¢d®") for d-level quantum dits.
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The result is exponentially better (asymptotically) thhattobtained by emulating such qudits with qubits, given
d # 2. This arises since the tensor decompositions are incobipagixcept in the case thais a power of 2.
Multi-level quantum logics have been proposed as an altiemto qubits due to the trade-off in the tensor
structure. Fod > 2, there is a larger space of local operations, and fewenglitg gates might be required to
realize a target quantum computation (unitary evolutidr) [8his work has moreover demonstrated that such a
benefit does not scale with the number of particldsut rather must consist (at most) of a constant factor réatuc
in the number of required entangling gates. However, ourlresly applies to symmetry-less evolutions, and
particular computations might be better suited to certaiftifievel and tensor structures on Hilbert space than
others.
Acknowledgements: We thank the authors afuant - ph/ 0406003, whose packag€xi rcui t.tex was
used in creating this document’s quantum circuit diagraDRO was supported in part by the National Science
Foundation under Grant CCR-0204084.
Implementations: Mat Lab source code (“m f i | es”) have been included in the posting of this docoument to
http: //wwv. ar xi v. or g. Please download the source format and consulREADVE file. There is also a
shortC++ program implementing the recursive control box counts.s€hées are very useful in understanding
§6.
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A Proof of Correctness for State-Synthesis

We sketch the proof of correctness of the Algorithm for statethesis employed to attain Equation 6:
P
[1Alc(p—k+1).V(p—k+1)] [§) = [0) (16)
k=1

Given the Algorithm,p = (d"—1)/(d — 1) is the number of elements of ti#&e-sequence. Suppose for clarity
that|W) is generic, so that no amplitudes (components) are zer@aiutset. Then it would suffice to prove (i)
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that each operatof[c(j),V(])] introducesd — 1 new zeroes into the stat¢lj+1> not present ir‘(ij> and (i)
A[c(]),V(])] does not act on previously zeroed entries. The assertingi)aightforward and left to the reader.
However, the second assertiorfagse Rather, the uniformly-controlled one-qudit operatorsadbon previously
zeroed entries, but they act in such a way that only linearioations of these zeroes are ever introduced as new
amplitudes. The discussion below makes this assertiongeraad proves it.

To facilitate this, we labeS={0,1,...,d" — 1} the index set and introduce the notat®ij) for the set of
componentindices dfp;) that have not explicitly been reduced to a zero by sgfe(k),V (k)], k < j. We label
Sc(j)] to be the set of control indices of(j), per Definition 4.1. Also, definéby c(j), = T. Now there is a

group action ofZ/dZ on the index se$ corresponding to addition mation theeth dit:
Cey C1C2...Ch = C1C2...Cr—1(Cr+Ccmod dCpyg...Cn a7)

Since the operatov (j) is applied to qudit’, the amplitudes (components) b.pj+1> are either equal to the
corresponding amplitude ct)qu> or else are linear combinations of thpj>-amplitudes whose indices lie in the
Z/dZ orbit contained irS[c (])]. Formally, we have proven the following Proposition.

Proposition A.1 Suppose

(Z/dz) o S.())nSc(D] < S(i)NnSe(i)] (18)

(We remark that should theinclusion hold, then it is an eyl Then\qJHl) has at least d- 1 more zero
amplitudes thany; ).

The final question is how one proves the appropriate setsianis. The point is to carefully understand the
structure ofS,(j). We will eventually prove thas. () is the union of the three se® (j), Rx(j), andRs(j) below.
However, we define them independently, as the inductiomieally requires the decomposition at tﬁ@ step to
avoid mixing as the next operator is applied.

Definition A.2  Suppose thejth term of thedk-sequence is given bgicy...c/_1d...&. We havec(j) the
corresponding control word, with(j), = T. Consider the following three sets, notiRg(j) may be vacuous.

Ri(j) = ué_%{clcz...choo---o;k<cq+1,ke{0,17...,d—1}}
Ro(j) = {cl---w1k00...0;ke{0,1,...,d—1}} (19)
Rg(j) = {fl~~~fg1kgkg+1...kn;flf2...f[1>C1C2~~~Cg1,k*€{0,1,...,d—1}}

Remark A.3 These sets may be interpreted in terms of Figure 4. Recalighee recovers th&-sequence by
doing a depth-first search of an appropriate tree. In thisety8, () is the set of nonzero components{q)fj) at

thejth node. The subsds(j) results from indices that lie in nodes not yet traversedsébobelow the present
node in the tree or to the right. The di(j) is precisely the set of indices in the current node, npd&he
setRy(]j) is the set of indices of elements that have been previouglgt teszero other elements and still remain
nonzero themselves; it is the set of indices of elementstkat always at the top of nodes already traversed in
the depth-first search. Thug; () is loosely a set of entries within nodes to the left and pestagove nodg. ¢

Lemma A.4 Letc(j), £, be as above, and lab&l(j) = Ry(j) URx(j) URs(j). Then
(z/dz) o S.())nSlc(j)] € S.())nSle())] (20)
Proof: Due to the choice of a single uniform control on a dit to thétigf position? in the appropriate term of the

&-sequenceRi(j)Nc(j)] = 0. On the other hand, a direct computation verifies t#atdZ) ey Ro(j) C Ra(])
and also thaRz(j) N (j)] = Ra()).

15



Finally, we note thatZ/dZ) e, R3(j) C Rs(j). However, the following partition is in general nontrivial

Ra(j) = {Re(i)NSlc ()]} U{Rs(i) N (S—Sc (D))} (21)

Shouldc (j) admit no control, we are done. If not, let< ¢ be the control qudit, i.eS[c (j)] = {m}. Then
R3(j)ﬂS[C(])] = { froo froqkekorg.. ko fm=cm, fafo... fpo1 >c1co--cp1, ki € {0,1,...,d—1} } (22)

Hence theZ/dZ action respects the partition of Equation 21 as well. |

Lemma A.5 Letc(j), ¢, and S(j) be as above, witlr (j) resulting from gcz...cy_1é. .. s Of thed-sequence.
Letz = {c1C2...¢c,-1k00...0; ke {1,2,...,d — 1} N Z} be the elements zeroed hyc (j),V(j)]. Then R(j) U
Re(j)URs(j) =Ru(j+1)UR(j+ 1) URs(j+ 1)L Z.

Proof: We break our argument into two cases based on the valge pf
Casecy_1 <d—1 The(j+ 1)St term of thedk-sequence is is given B4c;... (¢,—1+ 1)00...0&%. Note that for
leaves of the tree, the buffering sequence of zeroes is uacuo

Ri(j+1) = Ri(j)UR(j) -2
Ro(j+1)URs(j+1) = Rs(j)

HenceRy(j) UR:(j)URs(j) =Ru(j+ 1) UR(j+ D) URs(j+1) U z.
Casecp = d —1: Suppose instead th’éh &-sequence term ig1Cy...C; 2(d — 1)k &, SO that the(j + 1)S
termisciCy...c, odédéh. ... We note thafcocy ..., 2(d —1)0...0} € Ro(j) NRx(j +1).2 Then

(23)

t

Rj_(j) = Rl(j—i-l)l_le(j—|—1)—{CoCl...Cg,z(d—l)O...O}
Rz(j) = ZLl{CoCl...Cgfz(d—l)O...O} (24)
Rs(j) = Re(j+1)
From the first twoR1 () URx(j) = Ri(J+ 1) URz(j+1) U z. HenceRy(j) URx(j) URs(j) = Ru(j+ 1) URx(j +
DURs(j+1)Uz. O

Proposition A.6 S.(j) = Ru(j) UR2(j) LURs(]) is the set of zero amplitudes (components) of a ge¢¢qi3&
Proof: The proofis by induction. Foy = 1, we have
Ri(1) =0, Rx(1)={00...0«}, R3(1l)={ciCo...Ch_1*; SOmMec; > 0} (25)

Hence the entire index sBt= S.(1) = Ri(1) URx(1) UR3(1).

Hence, we suppose by way of induction tisatj) = Ry(j) UR2(j) URs(j) and attempt to prove the similar
statement forj + 1. Now A[C(]),V(j)] will add new zeroes to the amplitudes (components) withcieslz by
Lemma A.5. On the other han@\,[C(j),V (j)] will not destroy any zero amplitudes existing®n(j) due to the
induction hypothesis, Lemma A.4, and Proposition A.1. TB$+ 1) = Ri(j+ 1) UR(j +1) URs(j+1). O

B Unitary Circuits From State-Synthesis Circuits

In this appendix, we give an alternate construction of optiorder circuits for unitary evolutions from optimal
circuits producing states pgs. We present a constructive procedure for building anyamlt) cd"<d" from

d" copies of an optimal state-synthesis circuit and other asgtically negligible subcircuits using an eigen-
decomposition ofJ. If the state-synthesis circuit is any choice that cont@id") gates, then the resulting
O(d?") circuit for U is optimal.

2So in the application, the amplitude (component) of thisini the single amplitude not zeroed Ayc (j),V(j)], but it is immediately
afterwards zeroed bf[c (j+ 1),V (j +1)].
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Let{A; = i }?261 be the eigenvalues of, with {‘)\j> ?161 a corresponding set of orthonormal eigenvectors.
We suppose circuits containii@d") two-qudit gates for unitary operatdf§ with W; | j) = ‘}\j ), 0<j<d"—1.
Then for a second set of phasing unitafgswe may write
Wi = [N (1 Sk [Wik) (K

e A 26
P = g (1)) (] 20
Then by unitarity, (@ «|A;) = 0 for all j,k. Now note thatWjPWi" = € [A}) (Aj| + Sy [Wjk) (W] =
€% |Aj) (Aj| + Skej [Aj) (Aj]- Similarly by induction, the following equality may be véed:

k dn—1
(WoPOWG ) (WAPLW) ... (WRWY) = 3P+ Y POl (27)
i= j=K+1
Then considering the eigendecompositiotJadind takingk = d" — 1, we have the following factorization:
dn—1 )
U= Wi P;W, (28)
JI:L IR

Now note that the techniques ¢4 allow for realization oP; in O(n) two-qudit gates. Thus, since by hypothesis
eachw; admits a siz&(d") circuit, the circuit corresponding to Equation 28 contadid?") two-qudit gates and
is asymptotically optimal.

As a remark, the circuit synthesis procedure might {@ke- |A;) rather tharjj) — |A;). However arO(d")
circuit for the latter extracted from a(d") circuit for the former follows from the similarity transfiorby a local
unitary pergs.

C Optimal Asymptotics for Qudit Chains

The optimal asymptotic a®(d?") also holds for more restrictive gate libraries reflectingnaice of architecture.
We note this in passing, focusing on the qudit chain architec

In the interest of being brief, we do not use formal definisiorNote that the body shows that the library
LUU{A1(c*®14-2)} is qudit universal, where L= ®7SU(d) and we intend any instantiation pf; (0* & l4_2)
to be allowed. Ararchitecturewill here refer to a restriction on this gate library. In pautar, one supposes that the
gudits correspond to the vertices of some graph, which bpthgsis is connected. Then only the instantiations of
N1(c*&14_2) which correspond to edges of the graph are allowed. Sinceayeconstruct qudiS\WAP between
gudits connected by an edge, the restricted library is alstit-quniversal. However, the asymptotics of the library
gates might be different from the asymptotics of the stashdmtes. Loosely, instantiations gf; (6* & l4_2)
between qudit®(n) vertices apart will now cosD(n) gates rather than one, sinG¢n) SWAPs between adjacent
qudits are also needed.

The notion of a sub-architecture follows by comparing geaphd subgraphs. Thus, if a qudit chain is the
architecture of a linear sequence of qudits with conseeujivdits joined by edges, then the qudit chain is a
subarchitecture of a finite square, hexagonal, or cubicéattlf a sub-architecture contains every vertex, then
asymptotics of the smaller architecture are at least as gedtose of the larger. For the inclusion only admits
more possible two-qudit gates.

Thus consider in particulargudit chain.Suppose further the ordering of the dits implicit in earfietations,
e.g. didods...dy, is now referring to the architecture as well. Thus given dnehitectural restriction, using
SWAPs we see that an instantiation§f (0* @ 14_») costsO(|j —k|) architecture gates if controlled on qugliand
targeting qudik, rather than the old count of one gate. A similar commentiappb any two-qudit gate acting
between quditg, k.

By Appendix B, the®(d?") asymptotic follows if we show that thé-Householder reduction requires only
O(d™) architecture-local two-qudit gates. Hence &tl,n,k) denote the number of lengthsingly-controlled
NA1(V) specified by the club sequence, where a two-qudit operatimgaen quditsj, ¢, has lengthj + ¢+ 1. As
an example, the operator of Figure 3 is length four. Now fostkpa lengthk operation within theén -+ 1)St club

sequence results from a sequenck efl zeroes in some term of tnd) sequence in one of two ways:
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e Alengthnterm of the formods...d;j00...0&k...& is preprended to becontigd, ... d;00...0dk.. . &.
e The lengthn term of the form 00..0& ... & is prepended to beconag00...0&k...&. Here,d; # 0.

Noting this structure, we produce the following recursielations, which completely determiaéd, n, k):

a(d,n+1k) = (d—1)+da(d,nk)
a(d,n,0) = n (29)
a(d,n,k) = 0ifk>n-1
Now a(d,n,0) = n does not factor into the recursive structure of the o#{drn, k). Rather, evaluating the recur-
sion explicitly for 1< k < n— 1, we obtain

a(d,n,k) = (d—l)n;kldf —dk_1 (30)
/=0

We finally use this recursion to obtain our main result.

Indeed, note that since a lenditsingly-controlled operation may be realizedOgk) local gates, it suffices
to prove thatz?;ék a(d,n k) = Z?;é k(d"k —1) is a function withinO(d"). This follows by either deriving the
appropriate geometric series in order to obtain the exantg’;ié kd"* or alternately by integral comparison of
this second sum. Thus, even in the chain gate librarydtti¢ouseholder reduction requires no more tig(d")
gates and hence recovers an optimal state-synthesis asjogfto(d"). Consequently, Appendix B produces an
asymptotic 0f9(d?") chain architecture-restricted gates for any unitary eialJ € U (d?").
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